Abstract. We further discuss the Unipolar Inductor Model (UIM) coupled to GW emission (Dall'Osso et al. 2005) and compare it to observed properties of the two candidate ultrashort period binaries RX J0806+15 and RX J1914+24 .
Introduction
The nature of the two X-ray sources RX J1914+24 and RX J0806+15 has been long debated since their discoveries and the origin of their emission is still quite unclear. Several models have been proposed so far, none of which seems able to explain all of their observed properties without facing major difficulties (see Cropper et al. 2003 for a review on models and observations).
The long-term timing analyses of Strohmayer (2004 Strohmayer ( ,2005 , Hakala et al. (2003 Hakala et al. ( , 2004 and Israel et al. (2004) , the most recent ones based on ∼ 10 yrs of monitoring, have unambiguously shown that the single periods found in the power-spectra of both objects (respectively ∼ 9.5 and 5.3 min) are steadily decreasing over time. The very nature of such periodicities is debated, evidence being presently in favour of its interpretation as the orbital period of a binary system. Indeed, no other significant periods are found in power spectra which is quite unexpected if, for example, the observed periods reflected the spins of accreting compact objects.
If the observed periods are true orbital modulations, then it is extremely difficult to accomodate Roche-lobe filling non-degenerate secondary stars orbiting a compact companion in such close binary systems, because of the extremely small masses implied. For this reason, double-degenerate binary systems represent the most likely option.
As orbital periods are observed to decrease, accretion models in a double degenerate system are apparently ruled out because (conservative) accretion in these cases should lead to a period increase. Therefore, although with the above caveats, the double-degenerate scenario with no mass exchange seems at least more suited than others to explain the timing properties of these sources.
In this context the Unipolar Inductor Model (UIM), originally proposed for the Jupiter-Io system (Goldreich & Lynden-Bell 1969) , has been suggested as an alternative explanation to the observational properties of the above mentioned sources (Wu et al. 2002) . In this version of the model two white dwarfs form a close binary system with a moderately magnetized primary and a secondary that, for practical purposes, is non-magnetic. If the primary spin (ω 1 ) is not perfectly synchronous with the orbital motion ω o (the secondary is tidally locked to the orbit) an e.m.f. is induced across the secondary star, idealized as a perfect conductor crossing the primary's magnetic field lines. In the presence of free charges, the e.m.f. induces a current flow between the two stars, along the sides of the flux tube connecting them. Currents in the atmosphere of the primary cross field lines at a depth where the electrical conductivity (σ) becomes isotropical; at this point, they close the circuit returning back to the secondary (Goldreich and Lynden-Bell 1969 , Li, Ferrario and Wickramashige 1998 , Wu et al. 2002 .
Resistive dissipation of currents and the associated heating, that occur essentially in the Send offprint requests to: dallosso@mporzio.astro.it primary atmosphere, cause the observed soft X-ray emission. The source of the emission is ultimately represented by the mechanical energy of the relative motion between the primary spin and the orbit. Therefore, dissipation consumes this energy and brings the primary and the orbit into synchronous rotation.
As shown by Dall'Osso et al. (2005, paper I from here on), perfect synchronization is never reached in the UIM applied to ultrashort period DDBs. The emission of GW continuously injects energy in the electric circuit when ω 1 < ω o and can thus sustain a permanent, slight asynchronism of the primary spin. We called this the system's steadystate asynchronism: binaries in this regime, i.e. with sufficiently short orbital periods, will have a primary spin just slightly slower than the orbital motion, the small asynchronism causing a continuous flow of electric current which is ultimately powered by GWs.
In this work, we first address and clarify some general issues discussed in paper I. Then, we apply our model to the two candidate ultrashort period binaries RX J0806+15 and RX J1914+24. We obtain simple relations between a source luminosity, its measured rate of orbital spin-up, component masses and primary magnetic moment, that give constraints on system parameters for the model to be applicable to both sources.
Detailed and systematic calculations and evolutionary implications are beyond the scope of this work and will be addressed elsewhere.
The Unipolar Inductor Model: summary
We summarize here briefly the features of the UIM, referring to Wu et al. (2002) and paper I for a more detailed description. The key ingredient of the model is that the primary spin (ω 1 ) differs from the orbital motion (ω o ); α = ω 1 /ω o is the asynchronism parameter.
In an asynchronous system with orbital separation a the secondary star moves across the primary magnetic field lines with a relative velocity v = a(ω o − ω 1 ). The electric field induced through the secondary is E = v × B c . The associated e.m.f. is Φ = 2R 2 E, R 2 being the secondary's radius. The induced flow of currents is resistively dissipated essentially in the primary atmosphere, causing significant local heating and thus powering the soft X-ray emission. The Lorentz torque on cross-field currents in the primary atmosphere and in the secondary causes spin-orbit coupling, redistributing angular momentum between the primary spin and the orbital motion. However, given the significant GW-emission expected from two white dwarfs with ultrashort orbital period, orbital angular momentum is continuously lost from the system, which in turn requires spin-orbit coupling to continue: this keeps the electric circuit active at all times.
Concerning the specific assumptions of this work, we consider binary systems hosting two degenerate white dwarfs, with the following mass-radius relation (Nauenberg 1972) :
where M is expressed in solar masses.
In paper I we have shown that tidal synchronization of the primary component is not expected to be efficient on the orbital evolutionary timescale, while it should well be efficient for a lower mass companion, in most cases of interest. The system orbital evolution is thus given by (eq. E4 in Appendix E of Wu et al. 2002) :
o is the energy loss rate through GW emission (Landau & Lifshitz 1951) , the second term in parentheses represents the contribution of spin-coupling and W is the electric current dissipation rate (source luminosity). The function g(ω o ) < 0 (see appendix A for its definition) represents two thirds of the orbital (kinetic plus gravitational) energy of the binary system, times a coefficient just slightly smaller than unity. The latter accounts for the additional tiny amount of orbital angular momentum that is continuously lost to keep the secondary into synchronous rotation.
GWs give by definition a positive contribution toω o while the contribution of electric coupling (W > 0 by definition) depends on the sign of (1−α). Given the measured orbital spin-up of both sources under study, it must be assumed for them that, if α > 1, then
The quantity W can be expressed as (paper I):
where ℜ is the system effective resistance (see Wu et al. 2002) , µ 1 the primary's magnetic moment, σ the height-averaged WD atmospheric conductivity, H the atmospheric depth at which currents cross magnetic field lines and return back to the secondary and ∆d is the thickness of the arc-like cross section of the current layer at the primary atmosphere.
The last equality defines the system's constant k.
Finally, we recall the evolution equation for α (see paper I):
where τ α ≡ α/α.
UIM coupled to GW emission: energy budget and the general solution
In paper I we discussed the conditions that cause the current flow and, thus, the soft X-ray emission, never to be quenched by synchronization of the primary star. In the time-independent, linear approximation, the evolution equation for α is solved by a simple exponential function, whose asymptotic value α ∞ ≤ 1 confirms this expectation.
Numerical integration of the full evolution equation confirms that, as the orbital period changes over time, α does indeed evolve asymptotically towards unity, never reaching it exactly. We showed that, in the general solution, the value α en ∞ ≤ 1 is attained, which conserves the total mechanical energy resevoir (E UIM ) of the circuit
Therefore, by requiring that the time derivative of E UIM is zero, we obtain (paper I)
This expression for α en ∞ is implicit, as it depends on the source's actual value ofω o , a function of α itself 1 . Despite this, the above formula is of great practical use as it relates the model parameter α en ∞ to measured quantities (ω o ,ω o ). We will return on this in § 4. Given the importance of the steady-state solution, it is necessary to specify here its physical meaning and definition, starting from a discussion of the overall energy budget of the system.
Asynchronism parameter and efficiency of spin-orbit coupling
As a preliminary step, we summarize the relevant properties of spin-orbit coupling in the UIM. First recall the expression of the Lorentz torque
This same torque N L acts -with opposite sign -on both the primary star and the orbit.
Therefore, angular momentum is conserved by spin-orbit coupling: all that is subtracted from one component is transferred to the other one.
The rate of work done by N L on the orbit iṡ
while that done on the primary spin is:
The sumĖ spin +Ė (orb) L = −W , which means that not all of the energy extracted from one component is transferred to the other one. The energy lost to ohmic dissipation is the energetic cost of spin-orbit coupling.
The following picture thus results from the above formulae:
-When α > 1 the circuit is powered at the expenses of the primary's spin energy. Only a fraction α −1 of this energy is transferred to the orbit, the rest being lost to ohmic dissipation.
-When α < 1 the circuit is powered at the expenses of the orbital energy. Now α measures directly the fraction of energy that is transferred to the primary spin, while
(1 − α) is that lost to ohmic dissipation 2 .
Therefore, the parameter α can be seen as a measure of the efficiency with which spinorbit coupling transfers energy between the orbit and the primary spin: the more asynchronous a system is, the less efficiently energy is transferred, most of it being dissipated as heat.
Stationary state and the general solution
We can now re-discuss and clarify the energetic argument of paper I, based on which we obtained the expression of α en ∞ . The steady-state regime is characterized by having a constant electric energy reservoir in the circuit, for a given ω o . The degree of asynchronism is thus set by the condition that the system uses up just the power fed to the circuit by GWs and spin-orbit coupling. It is important to note, in this context, that both ohmic dissipation and the energy required to change ω o and/or ω 1 must be taken into account.
Therefore, the conditionĖ UIM = 0 of paper I would not be wholly consistent, because onlyω 1 andω o appear inĖ UIM and no account is taken of the luminosity W. We then re-state the problem of steady-state in the following terms: since the circuit dissipates energy at a rate W , it must recharge at the same rate as the binary evolves, if its energy reservoir is to be conserved. The proper steady-state condition is thuṡ
where the sign on the right-hand side depends on the asynchronism parameter. The plus sign holds when E UIM > 0 and, thus, α > 1, while the minus sign is relevant to the case with α < 1 (E UIM < 0).
In paper I (Appendix B) we have shown that the case with α ∞ > 1 corresponds to a condition very hardly realized in WD+WD systems, because it can hold only for very close systems. So close, indeed, that the lighter component would most likely fill its Rochelobe. Even if it did not, however, the condition also requiresω o < 0, which means the system must widen; the two components will rapidly be too far apart for the condition to hold. Therefore, proper steady-state exists in WD+WD systems only withĖ UIM = −W .
Inserting the expressions forω 1 and W in condition (9) we obtain the expression for the steady-state asynchronsim. We call it simply α ∞ , to distinguish it from the (slightly different) expression of α en ∞ of paper I.
Our former assumptionĖ UIM = 0 amounts ultimately to neglecting W compared to the energy terms contained inĖ UIM . Note that the luminosity W is produced by ohmic dissipation, while I 1 ω 1ω1 =Ė spin = W α/(1 − α) becomes much larger than that, the more α gets close to unity. Therefore, neglect of W is actually justified when α is close to 1, a condition expected to hold in steady-state. Indeed, the expression of eq. (10) for 1 − α ∞ gives a correction ∼ 1% to (6), for typical cases of interest.
Model application: equations of practical use
Eq. (10) We have used this latter approach to calculate (1 − α ∞ ) in the numerical solution for
(1 − α): it turns out that, once the system reaches the appropriate regime, the two quantities are essentially coincident. Their ratio at sufficiently short orbital periods 3 is ∼ 1.001 − 1.002, decreasing with the orbital period down to P ∼ 100 s or even less.
Therefore, (1 − α ∞ ) represents the actual degree of asynchronism of systems with sufficiently short orbital period. It can thus be used to obtain physical constraints on the two systems directly from measured quantities.
The asynchronism evolution timescale
We have shown that the value α ∞ (and, accordingly, all steady-state quantities) can be determined in full generality from energetic considerations and can be related to measured quantities and fundamental system parameters (as described below). The evolution of a system in a short-lived, highly asynchronous regime, can be determined only from the integration of the evolutionary equation. In this case, indeed, the free-energy reservoir is represented by the (unknown) primary's degree of asynchronism.
In paper I we have studied the evolution equation of α in the linear approximation, with constant coefficients. This corresponds to the regime where spin-orbit coupling gives just a negligible contribution to the orbital evolution and, at the same time, the synchronization timescale τ α is ≪ τ o . A system with an initial arbitrary value of α may not be in the linear regime: however, the UIM always tends to bring the primary into almost synchronous rotation, so that the linear regime will eventually apply. At this point, in order for the condition τ α ≪ τ o to hold, (1 − α ∞ ) must be sufficiently small or, equivalently, the orbital period sufficiently short. As shown in paper I, this regime is formally reached for 1 − α ∞ < 3 × 10 −2 or, equivalently, when the orbital period is shorter than the critical period:
where scaling factors are in c.g.s. units. P fast measures the period at which, in the numerical solution, (1 − α) is very well approximated by (1 − α ∞ ).
Strictly speaking, then, if the orbital period is below the limiting value P fast the linear, time-independent approximation applies and α reaches α ∞ on a time shorter than ∼ 0.03 times the orbital evolutionary timescale. The probability of catching a system during the short-lived, asynchronous phase is accordingly very small. Most systems with P < P fast are caught in the long-lived steady-state.
We finally note that, when α is very close to 1, it can change only by a factor ≪ α.
Therefore, the timescale τ α = α/α can become very long just because of this. However, as α passes from 1.1 to 1.001, changing by ∼ 10% only, (1 − α) decreases by two orders of magnitude and the same holds forĖ
, while the dissipation rate W changes by four orders of magnitude.
In this situation, the evolution timescale of 1 − α provides more direct information on the evolving properties of the system, because this parameter evolves towards zero. We thus define, neglecting the minus sign in the last equality:
The difference between this and τ α is negligible as long as α ≫ 1 and becomes important when |1 − α| < 1. In particular, for
Indeed, α changes only very slightly once it is close to 1.
On the other hand, τ (1−α∞) = τ o , from which the basic meaning of steady-state is recovered clearly: it is the regime in which the system's degree of asynchronism evolves on exactly the same timescale of the orbital period.
For any α = α ∞ the corresponding timescale becomes quickly much shorter than τ o , thus hampering the possibility of observing systems that are too far from steady-state, as stated above.
Relating measurements to system parameters
We can now summarize the formulae that allow a direct comparison with the measured timing properties and inferred luminosities of the two sources.
The key parameter (1 − α ∞ ) depends only on the measured quantitiesω o and ω o (with no assumption on the relative strength of GW and spin-orbit coupling), on the primary moment of inertia I 1 and on the unknown parameter k, the value of which is primarily determined by µ 1 . Therefore, based on measurements of ω o ,ω o and W , we can construct the quantity α ∞ as a function of k and use it to estimate µ 1 . In particular, given the definition of α ∞ and W (eq. 10 and 3, respectively), we have
The source steady-state luminosity can thus be written as:
The equation for the orbital evolution (2) provides a further relation between the three measured quantities, component masses and degree of asynchronism. We re-write it here in a form that makes the dependence on measured quantitites and unknown parameters explicit:
that becomes, inserting the appropriate expressions forĖ gr and g(ω o ) (cfr. § 2), and neglecting the small correction to g(ω o ) due to tidal locking of the secondary:
where
With all above equations we can now turn to each of the two systems and assess which region of the UIM parameter space applies to each of them. ). The optical flux is only ∼ 15% pulsed, indicating that most of it might not be associated to the unipolar inductor mechanism (possibly the cooling luminosity of the white dwarf plays a role).
RX J0806+15
Given these uncertainties and, mainly, the uncertainty in the distance to the source, we assume here a luminosity W ≃ 10 32 (d/200 pc) 2 erg s −1 . In § 7 we consider the effect of assuming a larger source luminosity for RX J0806+15 (and RX J1914+24 as well), and
show that conclusions are affected only weakly. and ω o ≃ 0.0195 rad s −1 .
In Fig. 1 (see caption for further details), the dashed line represents the locus of points in the M 2 vs. M 1 plane, for which the measured ω o andω o are consistent with being due to GW emission only, i.e. if spin-orbit coupling was absent (α = 1). This corresponds to a chirp mass M ≃ 0.3 M ⊙ .
Inserting the measured quantities in eq. (13) and assuming a reference value 4 of I 1 = 3 × 10 50 g cm 2 , we obtain:
In principle, the source may be in any regime, but its short orbital period strongly suggests that it is beyond the limiting period P fast of eq. (11). Therefore, the most likely and natural scenario is that it has already settled into steady-state and α = α ∞ .
In this case, we see from eq. (17) and assuming W = W ∞ would imply 1 − α ∞ > 8 × 10 −3 . In this case, the solid curve would be shifted downwards, crossing the minimum-mass horizontal line at M 1 < 1 M ⊙ .
In turn this would rule out the high M 1 values based on which the curve was obtained.
Therefore, we conclude that, if RX J0806+15 is interpreted as being in the UIM steadystate, M ≤ 1 M ⊙ is necessarily required.
From (1 − α ∞ ) = 8 × 10 −3 we obtain, by use of eq. (3), k ≃ 7.7 × 10 45 (c.g.s.): from this, component masses and primary magnetic moment can be constrained (see Fig. 1 ).
Indeed, since k =k(µ 1 , M 1 , q; σ) (see its definition in eq. 3), we have a further constraint on it, because M 1 and q must lie along the solid curve of Fig. 1 . Given the value of σ, µ 1 is obtained for each point along the solid curve.
According to Wu et al. (2002) , and references therein, the electrical conductivity of a white dwarf atmosphere with a temperature ∼ 10 5 K has a value ∼ 10 13 ÷ 10 14 (e.s.u.).
We take σ = 3 × 10 13 (e.s.u.), so that the whole range above is within a factor 3.
The values of µ 1 obtained in this way, and the corresponding field at the primary's surface, are plotted in Fig. 2 , from which µ 1 ∼ a few ×10 30 G cm 3 results, somewhat sensitive to the primary mass.
We note further that the solid curve of Fig. 1 is not strictly a locus of constant chirp mass. However, it is nearly so: X ≃ (3.4 ÷ 4.5) × 10 54 g 5/3 along it, which implies M ≃ (0.26 ÷ 0.31) M ⊙ . More importantly,Ė gr ≃ (1.1 ÷ 1.9) × 10 35 erg s −1 and, since
. Therefore, orbital spin-up is essentially driven by GW alone; indeed, the dashed and solid curves are very close on the M 2 vs. M 1 plane. Summarizing, we have shown that RX J0806+15 has observational properties that can be well interpreted in the UIM framework, assuming it is in steady-state. This requires the primary to be moderately magnetic, with µ 1 ∼ 10
30
G cm 3 and with an almost synchronous spin, slightly slower than the orbital motion (the difference being less than ∼ 1%). The small degree of asynchronism is consistent with the fact that no modulation of pulse arrival times at the beat period ω b = ω o − ω 1 is observed, since its small amplitude would likely be below the intrinsic timing noise of the source (cfr. Barros et al. 2004 ). The expected value of the magnetic moment can also be tested by future observations, for example through studies of polarized emission, at optical and/or radio wavelenghts (Willes & Wu 2004 ).
RX J1914+24
The luminosity of this source has been subject to many revisions over the last few years. Given these large discrepancies, interpretation of this source's properties is clearly ambiguous and quite dependent on which assumptions are made. We refer here to the more recent assessment by Ramsay et al. (2006) of a luminosity L = 10 33 erg s −1 for a 1 kpc distance, but want to stress mainly the general characteristics of our procedure. The numerical estimates that we obtain are, at this stage, necessarily illustrative and, in § 7, we show how derived quantities change when different luminosities are assumed. Ramsay et al. (2006) also find possible evidence, at least in a few observations, of two secondary peaks in power spectra. These are very close to (∆ν ≃ 5 × 10 −5 Hz) and symmetrically distributed around the strongest peak at ∼ 1.76 × 10 −3 Hz, the latter usually interpreted as the orbital period of the source. We will briefly comment on these possible features at the end of § 6.3. Ramsay et al. (2005) , confirmed by Ramsay et al. (2006) , also give the most up to date measurement of the source's rate of orbital evolution,Ṗ − 3.2(10) × 10 −12 , that converts toω o ≃ 6.2 × 10 −17 rad s −2 for the orbital period of 569 s, or ω o ≃ 0.011 rad s −1 . We warn that these parameters were not obtained, like in the case of RX J0806+15, through a phase-coherent analysis, therefore they may be subject to larger uncertainties and future revision.
Application of the scheme used for RX J0806+15 to this source is not as straightforward, since its properties indicate that it is not in a steady-state and, likely, not even in the regime where spin-orbit coupling is negligible in the orbital evolution.
First of all, its inferred luminosity seems inconsistent with being associated to steadystate as, with the measured values of ω o andω o , eq. (13) gives
which has important implications. First of all, given ω o andω o , the system steady-state luminosity should be ≪ 2 × 10 32 erg s −1 (eq. 14), hardly consistent with measurements.
Indeed, even if a large value of (1 − α ∞ ) ≃ 10 −1 was assumed, W ≃ 2 × 10 31 erg s −1 , less than the smallest possible luminosity reported by Ramsay et al. (2006) . A relatively high ratio between the actual asynchronism parameter and its steady-state value appears unavoidable. Indeed, from the above equation:
For example, if this system had the same k and I 1 as RX J0806+15, it would have a 2.5 times smaller value of (1 − α ∞ ) ≃ 3.3 × 10 −3 , from which |1 − α| ≃ 0.13.
The case for α > 1
The low rate of orbital shrinking implied by the measuredω o ∼ 6.2 × 10 −17 s −2 (Ramsay et al. 2005 ) suggests a very low mass system, with M 1 ≤ 0.3 M ⊙ ; in this case the secondary would not fill its Roche-lobe only for q ≥ 0.26 (see Fig. 3 and Nelemans 2004 for a discussion of this point). In the UIM framework, this result gives important hints as to the primary spin.
If, as shown above, the system is far from steady-state and has α < 1, the locus of allowed masses in the M 2 vs. M 1 plane is shifted downwards with respect to the dashed line of Fig. 3 by a significant amount. This would exacerbate the problem of the very low component masses. In particular because, α being quite different from 1, the downward shift of the curve in the M 2 vs. M 1 plane would accordingly be large.
This argument can be made more cogent by using the measured value ofω o > 0; a strong constraint on |1 − α| results, because the high inferred luminosity W ∼ 10 33 erg s
would imply a high value ofĖ (orb) L . If α < 1, this latter term sums to the GW torque: the resulting orbital evolution would thus be faster than if it were driven by GW alone. In fact, the smallest possible value ofĖ Therefore, if α < 1, an absolute minimum to the system's rate of orbital shrinking would 5 again assuming I1 = 3 × 10 50 g cm result from the above minimum rate of orbital energy extraction operated by spin-orbit coupling. This minimumω o turns out to be very close to the measured one, so that it would imply unplausibly small component masses in order forĖ gr to be sufficiently small. This can be shown by comparing the corresponding chirp masses. The dashed curve in Fig. 3 corresponds to a value of X ≃ 1.07 × 10 54 g 5/3 , or a chirp mass M ≃ 0.13 M ⊙ .
On the other hand, an equivalent GW luminosity of 10 33 erg s −1 would correspond to X ≃ 8.5 × 10 53 g 5/3 or an equivalent chirp mass M ≃ 0.12 M ⊙ .
Therefore, the slow measured rate of orbital evolution of this source essentially rules out the case α < 1 in the UIM framework discussed here: indeed, no point in the M 2 vs.
M 1 plane can be found for α < 1 if a non-Roche-lobe-filling secondary is required (as it is in the UIM). We note that the absolute minimum is obtained assuming α = 0, a very unlikely condition. Summarizing, Fig. 3 and the above argument strongly lead to consider the case where the primary spin is faster than the orbital motion. This would indeed offer a great advantage in interpreting this source: in the case α > 1, spin-orbit coupling has an opposite sign with respect to the GW torque. The two mechanisms have opposite effects on the orbital evolution and a slow measuredω o can result from the two opposite torques partially cancelling each other.
We want to stress further the above arguments, as there appears to be some confusion in the literature. Marsh & Nelemans (2005) have recently claimed that, in order for the UIM to account for the properties of RX J1914+24, α ≥ 10 2 would be required, implying the primary is spinning nearly at break-up.
These authors arrive at their conclusion first deriving an estimate of the GW luminosity from the measured ω o andω o and then requiring that W/(1−α) be less than the estimateḋ E gr . Given the high source luminosity (they assume 10 35 erg s −1 ) and smallω o , a large value of |1 − α| is required in order for that condition to hold. Note that, assuming W≃ The conclusion of this section can only be that, in a self-consistently constructed UIM framework, the GW luminosity of this source has to be larger than implied byω o , which implies α > 1, otherwise the model hardly applies.
Constraining the asynchronous system
We try now to give a quantitative description of the possible scenario introduced above.
The goal is to find constraints on system parameters in order to match the measured luminosity andω o /ω o and meet the requirement that the resulting regime has a sufficiently long lifetime. Given that it is not possible to determine all system parameters uniquely, the scheme that we have used is as follows: given a value of α, the measuredω o , ω o and W allow us to determineα from eq. (4). For each value of M 1 eq. (2), re-written in the form reported in the Appendix, can thus be used to determine the value of M 2 (or q)
that is compatible withω o and ω o . This yields the solid curves of Fig. 3 .
As these curves show, the larger is α and the smaller the upward shift of the corresponding locus, which may seem surprising. However, these curves are obtained at fixed luminosity W andω o . Recalling that (1/α) gives the efficiency of angular momentum transfer in systems with α > 1 (cfr. §3.1), a higher α at a given luminosity implies that less energy and angular momentum are being transferred to the orbit. Accordingly, GWs must be emitted at a smaller rate for a givenω o .
The values of α in Fig. 3 were chosen arbitrarily and are just illustrative: note that the resulting curves are quite similar to those obtained for RX J0806+15. Given α, one can also estimate k from the definiton of W (eq. 3). On the other hand, the information given by the curves of Fig. 3 yields determination of all quantities contained in k, apart from µ 1 . Therefore, assuming σ = 3 × 10 13 (e.s.u.) as in the previous case, we can determine the value of µ 1 along each of the four curves of Fig. 3 . Derived values are plotted in Fig.   4 . We see that µ 1 varies by just a factor 2-3 as a function of M 1 along each curve, while it depends somewhat more strongly on the assumed value of α.
The resulting numbers correspond in any case to a moderately magnetic primary, indeed
quite similar to what obtained for RX J0806+15 (the surface field B is in the 10 2 ÷ 10 5 G range, depending on the primary mass). give the corresponding value of k: combining all the information, µ 1 is self-consistently determined.
Lifetime of the asynchronous state
Finally, having argued that this system can be explained in the UIM framework by a relatively highly asynchronous and moderately magnetic system, we have to deal with the timescale problem.
While RX J0806+15 is fully consistent with being in steady-state, so that it has no timescale problem, we have demonstrated that RX J1914+24 cannot be in the same regime. Moreover, given the combination of a high luminosity and slow orbital evolution, we have found arguments in favour of its primary spinning faster than the orbital motion.
It must be fast enough, indeed, that the orbital evolution is significantly slowed down by the angular momentum transferred to the orbit by spin-orbit coupling. Therefore, the system is in the fully non-linear regime where spin-orbit coupling is non negligible and the evolution equation for ω o must be solved explicitly.
We can estimate the synchronization timescale τ α starting from the evolution equation (and, thus, of M 1 ) given a particular value of α. In Fig. 5 we have reported the results obtained for the same four values of α assumed in the previous section.
It is apparent that the larger α, the longer the timescale, for a given value of M 1 . This is because the system luminosity is a fixed (measured) quantity: therefore the larger the asynchronism, the smaller the efficiency of spin-orbit coupling and, accordingly, the larger τ α . The resulting timescales range from a few ×10 4 yrs to a few ×10 5 yrs, while τ o ∼ 6 × 10 6 yrs for this source. Although τ α may still seem too short, we stress that in this scenario the long orbital evolutionary timescale results largely from the effect of spin-orbit coupling. The latter decreases strongly on the timescale τ α , after which τ o is essentially determined by GW emission only. We denote the latter as τ
GW o
. Therefore, the system will actually spend the total time τ
at the nearly constant orbital period, its evolution being slowed down by just a fraction τ α /τ GW o of this time. In Fig. 6 we have were calculated along the solid curves of Fig. 3 , that define the value of X for each (M 1 ,M 2 ). Given X, both the source GW luminosityĖ gr and τ We comment here on the two symmetric peaks, around the main one, found in a few power spectra by Ramsay et al. (2006) .
In the UIM framework, given a primary spin ω 1 that differs from ω o , some signature of both periodicities may be expected, indeed. The hot spot position on the primary surface is modulated at the orbital period (the spot always follows the position of the secondary star) and at the beat period ω b = ω 1 − ω o . The latter because the spot position is deter-mined by the position of the primary's magnetic pole as well, which itself rotates at ω 1 . If the field simmetry axis were perfectly aligned to the spin (and orbital) axis, this second modulation would disappear but, in general, some inclination is to be expected. Barros et al. (2004) This is highly speculative at this stage and proper quantitative studies of this phenomenon, both on the observational and theoretical side, are necessary before these features can be used to put quantitative constraints on models. These are beyond the scope of this paper and are currently in progress. What we want to stress here is that a second periodicity in power spectra is not a finding against the UIM. The features reported by Ramsay et al. (2006) are not in constrast with qualitative expectations in the UIM.
Dependence of the results on the assumed luminosity
In this section we briefly discuss how our results change when different source luminosities are assumed, reflecting the large uncertainties in their distances and bolometric emission.
We have repeated the same reasoning presented in the previous sections, simply changing the adopted value of W to a significantly larger value.
RX J0806+15
We have discussed in §5 the uncertainty in the bolometric luminosity of this source, which could possibly be up to a factor 5-6 larger than the X-ray emission reported by Israel et al (2003) . We assume here W =5 × 10 32 erg s −1 and see how our conclusions change.
For this luminosity, a six times larger degree of asynchronism than previously assumed would result, 1 − α ∞ ≃ 3.8 × 10 −2 , still a quite small number. Given this value, the corresponding locus in the M 2 vs. M 1 plane would correspond to values of X and, accordingly, GW luminosities smaller by just a few percent. The corresponding primary magnetic moment and implied surface field are themselves decreased by the same factor of six by which W increases. All these changes, although non-negligible on quantitative grounds, do not affect significantly the overall picture presented above.
RX J1914+24
The case of RX J1914+24 is more difficult: the luminosity assumed in § 6 lies at the centre of a very wide range of proposed values, from the smallest W ≃ 3 × 10 31 erg s −1 (Ramsay et al. 2006) to the largest W ≃ 10 35 erg s −1 (Ramsay et al. 2005) . We show and briefly discuss here the same figures presented in the previous section, obtained for high luminosity case would require a significant degree of asynchronism, but still of the order of a few, not the ≫ 100 value previously suggested in the literature. On the other hand, the very dim case can be well described by a low asynchronism, even lower than the steady-state asynchronism found for RX J0806+15. However, we have shown that 1 − α ∞ ≃ 0.15 would be implied for this source if 3 × 10 31 erg s −1 = W ∞ . Rather, α = 1.005 gives (1 − α ∞ ) ≃ 1.7 × 10 −4 (eq. 19).
The dimmer system would have a long lifetime, τ α ∼ 3 × 10 5 yrs, which is ∼ one tenth to one twentieth of the orbital evolutionary timescale τ . The latter is itself significantly shorter than ω o /ω o , because large component masses would be required and, correspondingly, very strong GW emission expected. For the case with α = 4 we estimatė E gr ≃ 3.6 × 10 34 erg s −1 , with a ratio ∼ 1.25 to the rate of work W/(1 − α).
Finally, Fig. 9 shows the expected primary magnetic moments in both cases.
Conclusions
In the present work we have clarified some key aspects of spin-orbit coupling in the Unipolar Inductor Model coupled to GW and applied the model to the two candidate ultrashort period binaries RX J0806+15 and RX J1914+24. We derive constraints on system parameters in order for the model to account for the inferred luminosities and measured ω o andω o of both sources. The UIM accounts in a natural way for their luminosities, measured orbital periods and rates of orbital spin-up, provided they have moderately magnetic primaries, say µ 1 ∼ several× 10 29 to few× 10 30 G cm 3 . Concerning each of the sources, we conclude that:
-In the case of RX J0806+15 the observations are explained in the framework of the steady-state solution. The degree of asynchronism is determined by a balance between the rate of current dissipation and the rate at which energy is fed to the electrical circuit by orbital evolution, while the source luminosity does not decrease at all. The orbital evolution is driven mostly by GW-emission and the system's timing properties should differ only slightly from those of two point masses evolving under GW emission. The modest primary magnetic moment represents a key requirement of this interpretation and its measurement would be a crucial test as to its viability.
-RX J1914+24, on the other hand, cannot have reached the steady-state solution yet, as its present rate of electric energy dissipation is significantly higher than what GW emission alone could feed to the circuit.
In addition to requiring a moderately magnetic primary (again µ 1 ∼ 10 30 G cm 3 ), we conclude that the primary spin frequency must be somewhat larger than the orbital frequency. For W≃ 10 33 erg s −1 the parameter (1 − α) can be in the range (0.1 ÷ 0.02) (P spin between 517 and 558 s). Although the source is not consistent with being in a steady-state we have shown that, for α in the above range, the asynchronous, luminous and transient phase can last between a few ×10 4 yrs up to 3 × 10 5 yrs. These are between 2% and 10% of the orbital evolution timescale. Therefore, there is a sizeable probability that one in two of the ultrashort period binaries that have so far been found is in this evolutionary stage.
The measured value ofω o does not reflect the actual rate of GW emission from this system. It rather results from the sum of GWs and spin-orbit coupling, the latter partially cancelling the effect of the former. For the range of values of α that we consider more likely, α ≃ (1.025 ÷ 1.1), the actual GW luminosity should be in the In this work we were mainly concerned with finding system parameters for which the model could be made consistent with the energetic requirements and timing properties of the candidate sources. Further work is needed to address issues such as the duration and shape of the X-ray pulsations. Predictions that can be checked through observations to be carried out in the next few years are essentially of three kinds:
-independent measurements of the primary magnetic moment µ 1 , which should result to be smaller than several ×10
sources. Although several details of the model should still be taken into account, it seems difficult that the overall energetic requirements could be changed by orders of magnitude. The expectation of low magnetic moments seems therefore quite robust.
-extending the temporal baseline over which timing studies are carried out may help detecting the second derivative of ω o in both systems, but particularly in RX J1914+24.
Such measurements could provide an indipendent estimate of system masses and/or confirm a significant contribution of UI to the orbital evolution.
-a detailed study of the duration and shape of the X-ray pulsations, as well as of power spectra, would be required, in order to put constraints on geometric properties of the systems, possibly related to the shape and orientation of magnetic field lines near the primary component.
Account for hot spot shapes different from a simple filled spot should be taken since two detached, arc-like hot regions are expected instead (see Wu et al. 2002) .
Concerning the longer term future, we emphasize that LISA is expected to measure the GW emission of very short period binaries such as those discussed here, therefore yielding an independent check of the model. In particular, RX J1914+24 is expected to be much more luminous in GWs than one would infer based on its measured ω o andω o .
Appendix
We derive here the expression used to obtain the solid curves of Fig. 3 . In the case of Fig. 1 , α was assumed to be constant, as this describes the relevant condition to RX J0806+15. On the other hand, in studying RX J1914+24 we were led to deal with the more general case in which α has a non negligibile time derivative.
Let g(ω o ) be defined as:
where the second term in square brackets is denoted by f (ω o ). Then, from eq. (2), (4) and the definition of g(ω o ):
and from this, re-writing the pure-GW period derivative as (ω o /ω o ) g =Ė gr f (ω o )/g(ω o ):
that leads to the following expression:
Now substitute the expressions for g(ω o ) and f (ω o ), remembering that I 1 = (2/5)M 1 R 
The solid curves of Fig. 3 were obtained just using eq. (25). This takes account of the primary asynchronism and its rate of variation as well, while assumes the secondary to be perfectly synchronous (tidally locked) at all times.
